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Abstract

Complement is a response mechanism of the immune system. Two initiation pathways have been characterized for
complement. The classical pathway is antibody mediated while the alternative pathway is not. Since the alternative pathway
is independent of antibodies, it is always active. For the alternative pathway we have previously developed a minimal model.
Using parameters within physiological bounds, the model showed complex behavior also within physiological bounds. Thus
the model seems to be an appropriate representation of the alternative pathway response. By applying a steady state
assumption to the Michaelis Menten step of the minimal model, we reduce the number of variables from six to five. A
comparison between the dynamics of the minimal and contracted models reveals that the two descriptions may not be
compatible. Although both systems show chaotic behavior it occurs in different regions of parameter space. © 1997 Elsevier

Science B.V.

Keywords: Alternative initiation pathway; Complement; Minimal model; Steady state approximation

1. Introduction

The skin, ciliated mucous openings, gastric juices,
and various intestinal bacteria make up the immune
system’s first line of defense. These are all nondis-
criminating barriers to infection. Once a microbe
penetrates any of these boundaries, the immune sys-
tem responds [1-4]. It is essential that the response
is able to distinguish between self and non-self. Two
response modes exist, these are cell and humoral
mediated [5]. For the cell mediated response, various
macromolecules (usually proteins or polysaccha-
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rides) on the cell membrane play a key role in
identification. Self cells are marked by a class of
proteins on their membrane called the major histo-
compatibility complex (MHC) markers, while the
surface of foreign agents contains antigens, macro-
molecules capable of triggering an immune response.
Cell mediated response is carried out by T cells. The
T cells release perforin and other chemicals which
cause cell lysis upon interaction with both MHC and
antigen markers on the cell surface. This response
targets virus-infected cells. The humoral mediated
response is carried out by macrophages, B cells, and
complement; it is responsible for destroying bacteria,
viruses in extra cellular phase, fungi, and protozoans.
When macrophages recognize an alien substance,
they partially engulf it, keeping the antigenic portion
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intact. This stimulates the growth of B cells, some of
which transform into plasma cells which produce
antibodies to bind the antigen on the invader and tag
it for destruction by complement or macrophages.

Complement is composed of plasma proteins and
membrane proteins which function as enzymes or
binding proteins to cause cell lysis [3,4]. Several
activation pathways for complement have been char-
acterized; the two best known are classical and alter-
native. Unlike all other pathways, the classical path-
way is triggered by the presence of antibodies, while
the others, including the alternative, are antibody
independent. Because the classical pathway is anti-
body-mediated, its activation is more specific to
foreign species, while the antibody independent path-
ways attack self and non-self cells indiscriminately.
Antibody independent responses are critical in the
early stages of infection before antibodies have been
synthesized, a process which takes several days.

The alternative pathway could be triggered by
simple molecular structures such as polysaccharides,
lipopolysaccharides, and teichoic acid, which have
repetitive units and are present on the surfaces of
bacteria, fungi, viruses, parasites, tumor cells, certain
mammalian cells and aggregates of immuno-
globulins. Denatured DNA, proteins released from
cell death, and injured tissue can also activate the
alternative pathway.

The classical and the alternative pathways con-
verge in the formation of the membrane attack com-
plex (MAC). The MAC embeds itself in the mem-
brane of the target cell, a foreign cell or infected host
cell, through a hydrophobic interaction with the lipid
bilayer. It then unfolds and polymerizes. This pro-
cess debilitates the target cell’s membrane structure,
creating transmembrane channels through which the
cell’s plasma flows and eventually causing cytolysis
of the cell.

The use of differential equations to model com-
plex biochemical systems plays an increasing role in
the prediction and interpretation of familiar biologi-
cal phenomena. These models often contract multi-
step processes into one step. The drawback of such
simplifications is that in some cases the results may
not reflect the actual behavior of the system. How-
ever, if such simplifications are performed carefully,
the resulting model is a minimal one devoid of
irrelevant mechanistic details. The temporal behavior

of various components of the minimal model can
then be studied in order to explore the effects of
initial conditions and parameter values. Understand-
ing these effects will help us determine the rules
governing the temporal behavior of the system.

To date, biochemistry has focused upon isolated
and closed systems which function near equilibrium.
The introduction of mathematical models enables the
study of open systems far from equilibrium. Such
systems can have multiple steady states, as well as
spatial and temporal oscillatory states. Previous use
of differential equations to model systems has been
hampered by the fact that there are only a reduced
number of differential equations that can be solved
in closed form. These include first order, exact,
linear, and homogeneous equations, higher order lin-
ear equations with constant coefficients, and partial
differential equations which are reducible to these
equations by the separation of variables. Approxi-
mate solutions to differential equations outside these
categories can be attempted. For example, it is possi-
ble sometimes to use analytical approaches, such as
perturbation theory [6], bifurcation theory [7], and
differential topology [8,9], in the analysis of dynami-
cal systems. Also, solutions to the system of ordinary
differential equations (ODEs) by numerically inte-
grating the equations using appropriate algorithms
[10] is a common tool. The advantage of numerical
analysis is that it is possible to carry out integrations
over a whole host of parameters, whereas analytical
methods are limited to parameter values that are
close to solvable solutions.

Modeling involves more than deriving a set of
equations to represent the system. Part of the chal-
lenge is to find parameters. As it turns out, many
models for complex biological systems have been
found to be chaotic for some choice of the parame-
ters due to nonlinearities in biochemical reactions
[11-16]. The deterministic chaos in some cases is
constrained to well-defined intervals of metabolite
concentrations.

Chaotic mechanisms may be related to a response
mechanism (or pathology) whereby switching from
an oscillatory to chaotic scheme compensates (or
overcompensates) for a given stimulus [12]. Further-
more, chaotic schemes may be responsible for the
biological diversity necessary for species to survive.
There is a strong sense that the understanding of
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temporal patterns will provide a means of under-
standing natural phenomena.

Previous studies in chemical and biochemical sys-
tems have revealed chaotic and periodic oscillations
[13-16]. Some examples of oscillating reactions are
biological clock functions, [17] population growth
[18], and positive and negative feedback loops such
as the peroxidase reaction and glycolysis [11]. These
are all rough scenarios where the gradual accumula-
tion of a metabolite occurs to a maximum level after
which a gradual decline in the metabolite concentra-
tion occurs to some lower bound where the cycle
continues on upwards again. Also in the case of the
peroxidase reaction and of glycolysis, chaotic oscilla-
tions have been reported. [14] Recently, we have
reported chaotic oscillations in our minimal model of
the alternative pathway of the complement [19],
where we have used physiological parameters.

In Section 2, we review the Complement system.
In Section 3, we discuss the minimal model of the
alternative pathway. In Section 4, we contract the
minimal model using steady state approximations to
a five variable model. Numerical analysis of both the
minimal and the contracted model are then com-
pared. Finally, we discuss our result in Section 5.

2, Complement system

The proteins of the pathways of complement are
termed components, and labeled C1 through C9.
They are all distinct plasma glycoproteins, except for
C1 which fragments into three glycoproteins, Clr,
Clg, and Cls. Multiple polypeptide chains which
form inactivated components are distinguished by
Greek suffixes with « denoting the longest chain,
then B, and so on. Cleavage fragments are indicated
by a suffixed lower case letter. The enzyme activated
form of a component is indicated by a bar over its
name. Components C1-C4 are involved in the clas-
sical pathway. Regulators of the classical pathway
are abbreviated according to their function, e.g., Cl
inhibitor is Clinh. The rest of the proteins, compo-
nents C5-C9, make up the MAC. In addition C3 is
involved in the alternative pathway along with other
proteins called factors. There are three factors in-
volved in the initiation and amplification of the
alternative pathway: B, D, and P (properdin). In

addition, factors H and I regulate the response of the
alternative pathway.

The complement response is an enzyme cascade.
An enzyme cascade is defined as a series of reac-
tions in which the products catalyze the next step in
the series. Enzyme cascades probably evolved be-
cause they are critical for quick reactions to stimuli.
The most commonly known example of a cascade is
the fibrinolytic cascade which controls the formation
of blood clots. It is important that cascades are
regulated. On the one hand, the appearance and size
of blood clots must be monitored, otherwise clots
could potentially grow to a size that would block
circulation. On the other hand, the absence or slow
formation of a blood clot, when necessary, would
result in excessive blood loss.

There are two general types of enzyme cascades,
open and damped. Open cascades have stable prod-
ucts which catalyze the next step in the cascade. In
contrast the products of damped cascades are unsta-
ble and must react with the substrate of the following
reaction quickly, otherwise it is broken down. Since
the intermediates formed during a complement re-
sponse are metastable and subject to regulation by
various methods, complement can be regarded as a
damped cascade with a complex regulatory mecha-
nism.

2.1. The alternative pathway

Six proteins initiate, recognize, and amplify the
alternative pathway, C3, B, D, H, I, and P. The only
component involved in the alternative pathway is C3,
and it is biologically inactive since C3 reveals no
binding site with which cells can interact. The activa-
tion of C3 is accomplished by a spontaneous hydro-
lization. The spontaneous hydrolysis of the thiolester
of C3 yields C3(H,0). The hydrolyzed form, stable
for less than a second, can bind factor B in the
presence of Mg?* to form C3(H,0),B. Cleavage of
C3(H,0)B by factor D yields inactive Ba and active
initial C3 convertase, C3(H,0),Bb. This initial C3
convertase can then go on to cleave C3 into C3a and
C3b. Compared to the thiolester in C3 (¢, ,, = 231 hr
at 37°C), the thiolester in C3b is 10'° times more
reactive (t,,, =60 ps) [20]. The thiolester on C3b
can bind nucleophiles such as hydroxyl and amino
groups found on the surfaces of cells. The surface
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bound C3b can then bind factor B in the presence of
Mg?* to form C3b,B which is subsequently cleaved
by factor D to form surface bound C3 convertase,
C3b,Bb. Instead of attaching to a surface, the active
thiolester of C3b can go through the subsequent
steps and result in the formation of fluid phase C3
convertase, C3b, Bb. Both forms of C3 convertase
continue to cleave C3 and thus amplify the amount
of C3 convertase. Finally the accumulation of sur-
face bound C3 convertase enables the formation of
the MAC.

Typical of enzyme cascade systems, steps of regu-
lation exist along the pathway. Several regulatory
plasma and membrane proteins exist which mediate
the autocatalysis of C3 convertase. Such regulation is
necessary in order that the accumulation of C3 con-
vertase does not occur on the surfaces of the self and
nonself cells indiscriminately. C3 convertase is un-
stable with a half-life of 90 sec at 30°C and an
enzyme specific activity, k_,, /K ,,, between 1.6 X 10°
and 3.1 X 10° M~! s7! [20]. The binding of unsta-
ble C3 convertase to P to form C3b,Bb,P stabilizes
the enzyme. Factor H, decay accelerating factor
(DAF), or complement receptor type 1 (CR1) can
bind C3 convertase and P stabilized C3 convertase to
catalyze the decay of C3 convertase to C3b and Bb.
Proteolytic inactivation of C3b can also be catalyzed
by factor I in the presence of cofactor H, membrane
cofactor protein (MCP), or CR1. Membrane proteins
MCP and DAF have a wide tissue distribution, while
CR1 is a membrane protein with a more limited
tissue distribution. Together these are the protective
surface proteins located on host cells. Acceleration
of the decay of initial C3 convertase is carried out by
factor [ in the presence of cofactor H on the C3(H,0)
portion of initial C3 convertase. The preference for
factor B is slightly more than that for factor H and
thus C3(H,0) has a slightly greater chance of form-
ing initial C3 convertase than being degraded by
factors H and I. Fraction C3b normally binds factor
H preferentially, but in the presence of an infection
the affinity of C3b for factor B increases substan-
tially. In addition, factor H binds C3b on host cells
100 times more than on invading cells; on invading
cells factor H and B show similar binding prefer-
ences. Factor H cannot readily access C3b bound on
activating surfaces.

The actual structures which activate the alterna-
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Fig. 1. Schematic of the Alternative Pathway of Complement.

tive pathway are not known, but the trigger necessar-
ily involves the recognition by C3b. The environ-
ment which surrounds the surface onto which C3b is
bound is also critical to the response since a prefer-
ence for factor B will amplify the response whereas
a preference for factor H will terminate the response.

The formation of a second C3b molecule by C3
convertase can couple with a surface bound enzyme
in the presence of P to form C3bPC3b which is the
CS5 convertase of the alternative pathway. Once C5 is
cleaved by C5 convertase, complement is no longer
reversible. The cleavage of C5 sets off a cascade
which involves C5—-C9 and terminates in the forma-
tion of the MAC. Though the formation of MAC is
irreversible, there are membrane proteins, homolo-
gous restriction factor (HRF) and CD59, which pre-
vent MAC insertion into host cells, thus preventing
cell destruction. A summary of the alternative path-
way is given in Fig. 1.

3. Minimal model of the alternative pathway

Previous analyses of the kinetics of complement
involved approximations which preclude an exami-
nation of the kinetic behavior of the individual com-
ponents [20]. The challenge to studying the kinetics
of complement in vitro is that one cannot simply
measure C3 to see if complement activation is occur-
ing because inability to separate complement from
other proinflammatory systems makes it difficult to
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study. Thus this makes complement an ideal candi-
date for mathematical modeling.

A minimal model of the alternative pathway of
complement has been proposed and its dynamics
examined [21,22). This model is unique in that it was
designed to be mechanistically accurate. Previous
models were designed following mathematical dic-
tates after which a mechanism was proposed to fit
the observed dynamics. This model, since it is based
on the dictates of the complement system, is ex-
pected to be a better representation of the dynamics
of the alternative pathway of complement. For this
model, numerical integration has been used to char-
acterize its dynamics.

The minimal model of the alternative pathway
begins by modeling the spontaneous hydrolysis of
C3. This step is assumed to be first order since water
is present in excess in the body,

ky

A - B2 (1)

where A represents C3 and B2 is C3(H,0). The
concentration of C3 is regulated by the liver which
responds to the excess or lack of C3 accordingly. Eq.
(1) can be altered slightly to reflect the influence of
the liver as

kq k
liver(A, — A) > A — B2 (2)

The hydrolyzed C3 can be inhibited. This is repre-
sented as

ky,
B2 - I (3)

where I is the inhibited form of the enzyme. The
hydrolyzed C3 can also, in a two step reaction with
factors B and D and Mg“, form initial C3 conver-
tase, C3(H,0).Bb. This process can be represented
as

C3(H,0) + B & C3(H,0),Bb (4)

The rate determining step in Eq. (4) is the binding of
factor B to the hydrolyzed C3. Once this occurs the
uptake of factor D occurs readily. Thus Eq. (4) can
be contracted into the following one step:

B2 2 El (%)

where E1 is the initial C3 convertase. The C3 con-
vertase then cleaves C3 into C3b, denoted Ab:

ki,
A+E, & Cl (6)
B
kEI
C, = El + Ab (7)

where C1 is the enzyme-substrate complex, C3-
C3(H,0)Bb. This catalytic conversion of A to Ab
can be inhibited by the inactivation of El. This is
represented as

kg,
El - I (8)

where I is the inhibited form of the enzyme. Other-
wise, C3b can go on to form the MAC, be inhibited,
or become a C3 convertase. The first two steps can
be represented, respectively, as

Ab — MAC (9)
ky,
Ab 5 I (10)

where I is the inhibited form of C3b. The last step
can be represented as

ko
Ab - B2 (11)

where B2 now represents surface bound C3b and E1
represents the actual C3 convertase, C3b,Bb.

When an infection occurs, C3b binds on the mem-
brane of the foreign agent and initiates the MAC.
The final result is the elimination of the foreign cell.
In the process of elimination, the byproducts, which
in this case are the side chains like C3a, stimulate the
production of C3. This final process is contracted
and modeled as

kOA
Z+ Ab = A+ Ab (12)

The number of microbes in a system is controlled
by the rate of injection as well as the rate of repro-
duction. This is represented respectively as

Kin
Inf - Z (13)

k

Tep

Z 5 2Z (14)
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Fig. 2. A summary of the mechanisms in the minimal model.

Notice that the reproductive step is an autocatalytic
step.

The minimal model of the activation of the alter-
native pathway of complement is summarized in Fig.
2. The mass action laws of the model are given by
the following set of differential equations:

dZ

= =kiepZ + king — kopaZ Ab (15)
dA
- = ko(Ay— A) + koo Z Ab + k5 C1

— kA — kg, AE1 (16)
dB2
T kyA +k,Ab+k, El — k, B2 — k, B2

(17)

dC1
T=kE'AE1 ~ kg, Cl — kg, C1 (18)
dE1
T kg Cl + kg Cl + k; B2 — &k, El

— kg, AE1 ~ Kk, El (19)
dAb
~ = keiCl —k, Ab —ky Ab (20)

For this minimal model, steady states, sustained
oscillations, period doubling route to chaos, as well
as mixed-mode oscillations are observed when the
values for the parameters and initial conditions used
in the integration are comparable to experimental

values [19,21,22]. Thus the simulations are geared
toward maintaining physical accuracy. A further as-
surance arises from the fact that the results of the
simulation fell within physiologically reasonable
ranges. This means that concentrations were ob-
served in the 107% M to the 10~ M ranges. At the
low end, 107'% M is acceptable although it may not
be detectable; concentrations lower than that are
essentially negligible.

4. Contracted model of the alternative pathway

Steady state approximations are often used in the
study of enzyme kinetics. In deriving the rate laws
for kinetic mechanisms, it is typical to assume that
the enzyme bound intermediates exist at steady state,

(a)
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Time,t (hr)

[21 o

0_0]7“1 PR PRI W |
400 420 440 460 480 500

Time,t (hr}

Fig. 3. Concentration vs. time plots for the minimal model when
all the parameters are equal to unity. A represents C3 and Z
represents the infectious agent.
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ie., their rates of formation are equal to their rates of
dissociation. The motivation for studying the effects
of steady state assumptions in a mathematical model
of a biochemical system is to determine whether or
not one could reduce the number of variables under
consideration. Should the simplified model exhibit
similar activities as the original model, then the
system would be easier to analyze in that fewer
variables need to be taken into consideration.

The method typically employed when making
steady state assumptions is the Briggs—Haldane. This
is the steady state assumption as applied to the
Michaelis—Menten model of enzyme catalysis. The
Michaelis—Menten model of an enzyme catalyzed
reaction involves the rate determining formation of
an enzyme-substrate complex which dissociates to
the product while regenerating the enzyme. The fol-

100
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0.1 §
0.01.‘.I(.A14-.1,.\...%
400 420 440 460 480 500
Time,t (hr)
(b)
100 — T T T
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$
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400 420 440 460 480 500

Time, (br)

Fig. 4. Concentration vs. time plots for the contracted model when
all other parameters are equal to unity. A represents C3 and Z
represents the infectious agent.
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Fig. 5. Concentration vs. time plots for the (a) minimal and (b)
contracted model when &, = 1000 and all other parameters are set
equal to unity.

lowing is a schematic typical of Michaelis—Menten
kinetics:
k+l
E+S k<——> E+P (21)
=1
where E is the enzyme, S is the substrate, ES is the
enzyme substrate complex, and P is the product.

A steady state approximation is made on the
formation of C1, the enzyme substrate complex. This
is a seemingly reasonable approximation since the
physiological values for k£, (3.6 X 10> M~! h™!)
and kg, (3.6 X 10'° h™!) are several orders of mag-
nitude greater than kg, (7.2 X 10° h™1), thus ensur-
ing a steady concentration of C1 [22]. If the follow-
ing substitution for C1 is made:

ki AE1

T (22)
kg, + kg,
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the mass action laws for the contracted model are
given by the following equations [23]:

dz
37 = KepZ F kin — koaZAb (23)
dA kglAEl
Esz(AO_A)-FkOAZAb_kEI m
—k A (24)
dB2
— =k A+k,Ab+k_El — kIBZ —k, B2
dt 1 1
(25)
dE1
T =k:]B2—-k;lE1 —kdlEl (26)
dAb ki AEL
= kg, | — ~ k,Ab —k, Ab (27)
dr kg, + kg, '
10° o T T (d)' T " i
10° | 4
i
104 ]
§ 1000 g] j
z 3 E
100 i
10 3
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Fig. 6. Concentration vs. time plots for the (a) minimal and (b)
contracted model when k., = 10, k, = 1000 and all other param-
eters are set equal to unity.
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Fig. 7. Concentration vs. time plots for the (a) minimal and (b)
contracted model when k., =100 and k, =100 and all other
parameters are set equal to unity.

The motivation behind studying the contraction of
the minimal model of the alternative pathway of
complement is to attempt to model the original six
variable system by a five variable system. This
would facilitate any attempt of an analytical study of
the alternative pathway. For example, if the five
variable system could be contracted further to a four
variable system, then stability analysis could be ap-
plied to the four variable model, and the characteris-
tic polynomial for the Jacobian of the four variable
model would be a four order polynomial whose
solution could be obtained in principle. A direct
relation between the eigenvalues of the characteristic
polynomial and the stability of the steady state solu-
tions exists.

When making a steady state approximation, the
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concentration of the enzyme substrate complex is
assumed to be constant. This could become a prob-
lem when dealing with an enzyme cascade system
since the concentration of E is constantly changing
with time. Thus this change affects the concentration
of ES. Also, implicit in the steady state approxima-
tion is that the concentration of the enzyme is negli-
gible compared with that of the substrate, thus ensur-
ing that the intermediate species dissociates. The
freed enzyme can rapidly bind a nearby substrate
molecule and maintain a constant intermediate con-
centration. This is generally a safe assumption when
the amount of enzyme of a reaction remains con-
stant. Again, in an enzyme cascade with a positive
feedback mechanism, this assumption must be ap-
plied with caution since the concentration of enzyme
can change appreciably with time.

6

4.1. Numerical analysis of the minimal and con-
tracted model

Using PLOD 6.0 [24], numerical integration of
both the minimal and the contracted models was
carried out using the Gear algorithm [10]. The result-
ing data was compared for similarities and differ-
ences. Also we used INSITE [25] to obtain Poincaré
sections.

First, we performed several integrations to deter-
mine the accuracy of integration necessary to ensure
that the observed resuits would not be numerical
artifacts. In these integrations, all parameters were
set to one except for k, which was set at 1 X 10°.
In addition, the initial conditions were set to one. We
determined that an accuracy of 107 !° was sufficient
to ensure no numerical artifacts.

6
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Fig. 8. Poincaré section defined by the maximum of A, varying k.., for various values of k,: (a) 10, (b) 25, (c) 50, and (d) 75, while

holding the other parameters equal to unity.
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Next, a set of runs which involved varying the
deactivation parameter, k,, were considerer while
the other parameters were set to unity. Since k, is
the parameter which regulates the activity of the
alternative pathway as modeled in both the minimal
and contracted model, we expect to play a significant
role in goveming the complex dynamics of both
models. Another motivation for varying k, is that
previous studies on this parameter have indicated it
to be the key to the onset of period doubling [22,21].
The trend observed in the plots of B2, Z, A and Ab
for both models was an increase in period and
amplitude of oscillation with increasing k,. Be-
tween the two models, the period of the contracted
mode! was consistently smaller than that of the
original model, but not significantly so. More signifi-
cant, however, was the evolution of shape differ-
ences as k, is varied. Notice from Figs. 3 and 4 that
when & 4, is one, the numerical trajectories of A, and
Z, are, relatively speaking, similar in shape. How-
ever, as k 4, Was increased, differences arose in the
two models. The behavior observed from the mini-
mal model are characteristic of relaxation oscillation
while those of the contracted model are not. The

distinguishing feature of relaxation oscillations is the
gradual accumulation of Z, which triggers a sharp
increase in the concentrations of the cascade species,
which causes a sharp decline in the concentration of
Z, and the process repeats itself. The trajectories of
the contracted model are spikes. Fig. 5 depicts the
differences observed in the two models.

Varying k, demonstrated that the responses of
the two models are different. However, it did not
seem as though either model was exhibiting any
trends toward chaos. Thus another parameter, k.,
was monitored. It makes sense to keep track of this
parameter since it is related to the only autocatalytic
step in the mechanism. Thus it should have some
direct impact on the direction of the pathway. In
addition, kd] was set to 100, a value at which the
oscillations of the original and contracted model
differed. The values of krep examined were 10, 100,
and 1000.

For each value of k., we found discrepancy
between the minimal and the contracted versions in
the frequency of oscillations. The contracted model
oscillated with larger frequency than that of the
minimal model. This is demonstrated by comparing
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Fig. 11. Poincaré section defined by the maximum of A, varying k;,; when kg, =100, k

for the (a) contracted model and {(b) minimal model.

rep = 75 and all other parameters are equal to unity
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the minimal and contracted plots of A given in Figs.
6 and 7. Note also that frequency increases signifi-
cantly with increasing k.. This is due to the fact
that k., governs an autocatalytic step.

Poincaré sections defined for the maxima of A are
generated in order to explore the chaotic region
found in the minimal model. Fig. 8 depicts the
Poincaré section as we vary k., from 0 to 250. The
figures represent values of k, equal to 10, 25, 50,
and 75 and the values of all other parameters was 1.
Chaos is seen in these diagrams when k, is equal to
50 and 75. Fig. 9 is a magnification of the Poincaré
section for k, equal to 50. Fig. 10 is a comparison
of the Poincaré sections as we vary k., and set k,
equal to 100, and all other parameters have value
unity for the minimal and contracted model. As we
can see, only oscillatory solutions appear in the
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Fig. 12. Concentrations vs. time plots for the (a) minimal and (b)
contracted model when k¢ = 10, k, = 100, and all other parame-
ters equal to unity.
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Fig. 13. Concentration vs. time plots for the (a) minimal and (b)
contracted model when k. =100 and k, =100 and all other
parameters are equal to unity.

contracted model, which means that the chaotic be-
havior of the minimal model is lost.

The final set of parameters involved varying k.
In this case, k;,; controls the rate of injection of Z,
and thus should have some direct impact on the
direction of the pathway. Consequently we set k.,
to 75, a value for which chaos is observed in the
minimal model when k, is 100, and all other pa-
rameters set to unity. For these values the bifurcation
diagrams for k&, , show chaotic behavior in the mini-
mal model, but oscillatory solutions in the contracted
model (Fig. 11).

Finally we set k, = 100 and consider k;,,= 10 in
Fig. 12, and &, ; = 100 in Fig. 13 with the rest of the
parameters equal to unity. The doubling of the period
in the contracted model may suggest a chaotic be-
havior. Confirmation to this behavior is given by a
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Fig. 14. Poincaré section defined by the maximum of A, varying k., when k4, = 100, and all other parameters are equal to unity for the
contracted model. The minimal model shows a steady state and thus does not appear on the diagram.

Poincaré section as function of k;,; with k, equal to
100 and all other parameters equal to one. In contrast
we observed a simple steady state solution for the

minimal model (Fig. 14).

5. Discussion

Although the present analysis was carried out for
non-biological parameter values, where concentra-
tions of even 1 M are extremely high for many
biological systems, this study is designed only to
compare the changes in dynamical behavior when
the steady state approximations are used to contract
the minimal model of the alternative pathway. To
compare the dynamical behavior of the minimal
model and the contracted model, we constructed
several plots of the variable A. These plots of vari-
able A are representative of the degree of activation
of the alternative pathway since A represents the
amount of C3 present.

The displayed chaotic behavior of the minimal
model for certain values of k, and k., is not seen

rep
in the contracted model for the same parameter space

region. From the results involving k., we can con-
clude that the minimal and contracted model yield
different dynamical behaviors. These different dy-
namical behaviors seem to indicate that the two
representations of the alternative pathway may not
be compatible.

The results from this study indicate that applica-
tion of steady state approximation to enzymatic cas-
cade systems may cause drastic changes in their
dynamical behaviors. Thus, even in instances where
it seems reasonable to use the steady state approxi-
mation in cascade mechanisms, contracted version
can not be trusted.

Acknowledgements
We would like to acknowledge support from the

National Science Foundation (CHE 9312160).

References

(1] G.W. Hoffmann and T. Hraba (Eds.), Immunology and Epi-
demiology, Springer, Berlin, 1986.



156 E. Juang, E. Peacock-Lépez / Biophysical Chemistry 65 (1997) 143—156

[2] T. Halkier, Mechanisms in Blood Coagulation, Fibrinolysis,
and the Complement System, Cambridge University Press,
Cambridge, 1991.

[3] P.B. Morgan, Complement: Clinical Aspects and Relevance
to Disease, Academic Press, San Diego, CA, 1990.

[4] SK.A. Law and K.B.M. Reid, Complement, IRL Press,
Oxford, 1988.

[5] K. Whaley and C. Lemercier, in E. Sim (Ed.), Humoral
Factors, Oxford University, Oxford, 1993.

[6] J.A. Murdock, Perturbations: Theory and Methods, Wiley,
New York, 1991.

[7] H.C. Hemker and P.W. Hemker, Proc. Roy. Soc., B173
(1969) 411.

[8] R.L. Devaney, An Introduction to Chaotic Dynamical Sys-
tems, Addison-Wesley, Reading, MA, 1989.

[9] B. Hess, Reviews: Oscillating Reactions, TIBS, 1977, pp.
193-195.

[10] C.W. Gear, Math. Comp., 21 (1967) 146.

[11] B. Hess and M. Markus, Trends. Biochem., 12 (1987) 45.

[12] L.E. Olsen and H. Degn, Q. Rev.Biophys., 18 (1985) 165.

[13] H.T. Banks, Modeling and Control in the Biomedical Sci-
ences, Springer, Berlin, 1975.

[14] R.J. Field and L. Gyorgyi, Chaos in Chemistry and Biochem-
istry, World Scientific, Singapore, 1993.

[15] S.S. Scott, Chemical Chaos, Oxford, Oxford, 1993.

[16] A.V. Holden (Ed.), Chaos, Princeton University Press,
Princeton, NJ, 1986.

[17] H. Degn, A.V. Holden and L.F. Olsen (Eds.), Chaos in
Biological Systems, NATO ASI Series A: Life Sciences 138,
Plenum, New York, 1987.

[18] T.A. Burton (Ed.), Modeling and Differential Equations in
Biology, Marcel Dekker, New York, 1980.

[19] E. Peacock-Lépez and K.L. Queeney, Biophys. Chem., in
press.

[20] H. Miiller-Eberhard, Ann. Rev. Biochem., 57 (1988) 321.

[21] K.L. Queeney, A kinetic model of the alternative pathway of
complement, B.A. thesis, Williams College, 1992.

[22] K.L. Queeney and E. Peacock-Lépez, Biophys. Chem., 46
(1993) 101.

[23] E. Juang, Complex dynamics in the contracted and extended
models of the alternative pathway of Complement, B.A.
thesis, Williams College, 1995.

[24] D.K. Kahaner and D.D. Barnett, Plotted Solutions of Differ-
ential Equations (PLOD), Version 6.00, NIST, Washington,
DC, 1989.

[25] T.S. Parker and L.O. Chua, Practical Numerical Algoritms
for Chaotic Systems, Springer, New York, 1989.



